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Abstract Sedimentation velocity experiments can be

used to identify two or more independent non-interacting

macromolecules, which differ in their size by only a few

percent. The procedure requires the extrapolation of dif-

ferential apparent sedimentation coefficient distributions

obtained at different running time to t ? ? and works

because it eliminates or greatly reduces diffusion effects.

Here, we present an improved time extrapolation function

of sedimentation distribution profiles originally presented

by Stafford (In: Harding, Rowe, Horton (eds.) Analytical

ultracentrifugation in biochemistry and polymer science,

1992). We describe a computing procedure with the pro-

gram LAMM to analyze concentration profiles obtained by

absorbance or interference optics that utilizes suitable

smoothing methods for noisy data sets and present exam-

ples which include time invariant noises.

Keywords Computer simulation �
Sedimentation coefficient distribution �
Recognition of non-interactingmacromolecules

Introduction

Several methods were developed to detect independent

components in sedimentation velocity experiments. The

procedures success depends on eliminating or reducing the

effects of diffusion (Baldwin and Williams 1950, Gralen

and Lagermalm 1951, Van Holde and Weischet 1978).

These methods are based on extrapolation of concentration

profiles or sedimentation coefficient distributions obtained

at different running times to t ? ?. The information from

several curves recorded at different time is more informa-

tive than that obtained from a single curve. Two newer

approaches developed by Schuck (2000) and Schuck and

Rossmanith (2000) are based on direct least squares mod-

eling of sedimentation boundary using linear combinations

of sedimentation profiles for non-diffusing species or

Lamm equation solutions.

Stafford (1992) has presented some (model free) extrap-

olation procedures using apparent sedimentation coefficient

distribution curves g*. Here we present improvements of

Stafford’s extrapolation equation. Smoothing methods for

noisy data sets are also shown.

Methods

Synthetic concentration profiles were calculated with the

finite element method of Claverie et al. (1975). The following

conditions were specified: rotor speed = 55,000 rpm,

meniscus radius = 6.0 cm, bottom radius = 7.2 cm, time

interval = 0.1 s, partial specific volume = 0.730 ml/g,

frictional ratio = 1.2 for most data sets, summarized

relative loading concentration c/c0 = 1 and random

noise = 1%.

The chosen column height is of advantage for separating

neighboring boundaries as can be demonstrated in the

following way. The moving of the boundary is described

by Eq. 1

r ¼ rm exp x2s t
� �

� rm 1þ x2s t
� �

: ð1Þ
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The radial distance between two species is

Dr ¼ rmðs1 � s2Þx2t: ð2Þ

It grows with time. The maximal possible running time

(r = rb) is

t ¼ rb � rm

rmx2s1

: ð3Þ

The greatest possible distance is

Dr ¼ ðs1 � s2Þ rb � rmð Þ=s1: ð4Þ

Thus the maximal radial distance of two species depends

only by the column high. The rotor speed effects on the

other hand the slope of the moving boundaries important for

the width of the gaussian curve obtained by differentiation.

Small bandwidth diminishes or avoids overlapping of

neighboring gaussian curves. This effect can be

demonstrated by differentiation, the approximate formula

for the moving boundary (Fujita 1962, Eq. 2.147).

c ¼ c0

2
exp �2x2s t
� �

1� erf
rmx2s t � rm lnðr=rmÞ

2
ffiffiffiffi
D
p

t

� �� �

ð5Þ
oc

or
¼ c0

2
ffiffiffi
p
p exp �2x2s t

� �

� exp � rmx2s t � rm lnðr=rmÞð Þ2

4Dt

 !
rm

r
ffiffiffiffiffi
Dt
p ð6Þ

For the midpoint (flexion point) of the boundary results

oc

or
¼ c0

2
ffiffiffi
p
p exp �2x2s t

� � rm

r
ffiffiffiffiffi
Dt
p ð7Þ

Together with the maximal possible running time Eq. 3

follows

oc

or
¼ c0

2
ffiffiffi
p
p exp �2 ðrb=rm � 1Þ½ � rmx

rb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1

Dðrb=rm � 1Þ

r
ð8Þ

Therefore, the slope of the boundary is proportional to

the rotor speed given by x, which holds also to other

running times. The bottom radius rb is then to substitute for

rt the radius reached at running time t.

The best method to abolish time independent noise is

the subtraction of a trace recorded at low-rotation speed

(e.g., 3,000 rpm). Alternatively, the first data trace stored

immediately after reaching the rotation speed can be used.

Only the plateau region may be taken without a small

meniscus and bottom region to cancel the influence of

beginning sedimentation. The first possibility is of advan-

tage when low-sedimentation coefficients (s \ 3 S) are

included because the lost meniscus and bottom regions are

important to get complete bell-shaped derivatives.

The smoothing of noisy concentration profiles was done

by repetition of a sliding 53-point centered least squares

parabolic formula. The smoothed files were then differen-

tiated again using a sliding 53-point centered least squares

parabolic formula but now employing the first derivation at

the center. Next, the derivatives were again repeatedly

smoothed using the 53-point formula. The apparent sedi-

mentation coefficient distribution was calculated with the

Bridgman (1942) equation:

g�ðsÞ ¼ oc

or
x2t

r

rm

� �2

ð9Þ

The s-values for abscissa were derived by

s ¼ 1

x2t
ln

r

rm

� �
ð10Þ

Common equidistant abscissa values (2001) for all curves

at different running times and the corresponding g*(s)-

values were obtained by interpolation of all distribution

curves using the natural cubic spline procedure SMOOTH

(De Boor 2001). This procedure requires the expected

standard deviation to be a smooth regulating parameter. This

apparent standard deviation was calculated by least squares

approximation of parabolic splines (De Boor 2001).

The fitting of the time extrapolation function to the

g*(s)-values at each s-value for different running times

represents a linear regression with respect to the parameter.

The estimation of the exponents of the time extrapolation

function requires a non-linear regression. The solution of

the normal equations in both cases was carried out using

the Cholesky (square root) method.

Results

Stafford (1992) in his pioneering work has probed many

time extrapolation functions for g*(s). To avoid negative

estimated results we did not directly use g*(s) but rather

the logarithmic form ln [g*(s)] was extrapolated. From

Stafford’s three tested extrapolation functions the follow-

ing one yielded the best results:

ln g�ðsÞð Þ ¼ Aþ B � t�0:5 þ C � t�1 ð11Þ

Parameter A represents the logarithmic amplitude of

g(s) at t ? ?. In order to enhance the resolution for two

independent species we have optimized the exponents

by non-linear regression. Tests with many synthetic

sedimentation distribution profiles g*(s) showed that an

optimal fit and resolution was obtained with the function

ln g�ðsÞð Þ ¼ Aþ B � t�0:304 þ C � t�0:723 ð12Þ

Synthetic distribution profiles were obtained by numeric

differentiation of synthetic concentration profiles and

use of the Bridgman equation, Eq. 9 (details are
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described in the section ‘‘Methods’’). Figure 1a shows the

differentiated sedimentation distribution profiles and the

time extrapolation calculated with Eq. 11, while Fig. 1b

demonstrates the improvement calculated using Eq. 12. In

this example the concentrations of the two components, 5

S and 6 S, were equal and the traces were simulated

without random noise. The normal apparent sedimentation

distribution plot (Bridgman) g*(s) also shown did not

resolve the two components. However, when using the

time extrapolation according to Eq. 11 or 12 the two

components were visible and the observed data can be

taken as start values for the fitting procedure.

To simulate experimental concentration profiles, 1%

random noise was added. This made it necessary to smooth

the concentration and the sedimentation distribution pro-

files. Here the number of repetitions was 200 (Fig. 2).

The use of time extrapolation methods for sedimentation

distribution profiles requires completely bell-shaped

(gaussian) curves optimally produced by the differentia-

tion. This means that the corresponding concentration

profile must be depleted in the meniscus region and reach a

plateau in the bottom region. Both conditions are necessary

to get complete gaussian curves by differentiation, difficult

to achieve for substances with low sedimentation coeffi-

cients. Such an example of an equal mixture of two

components with s = 2 S and s = 3 S will be presented

next. The use of a long path of the moving boundary and

high-rotor speed are critical if the described conditions are

to be fulfilled. A path of 1.2 cm and a rotor speed of

55,000 rpm are sufficient (Fig. 3).

The third example to be considered is a pair of com-

ponents with high-sedimentation coefficients, s = 20 S

and s = 21.5 S (Fig. 4). In this case the bottom plateau

requirement is readily met. However, the influence of the

bottom on the last narrow bell-shaped distribution curve is

surprisingly high, stressing the requirement for a suffi-

ciently long distance to the bottom for valid measurements.

Although the new exponents were estimated with mixtures

of two components, solutions of three or more components

can also be analyzed. Figure 5 presents a mixture of equal

amounts of three components with s = 4 S, s = 5.5 S, and

s = 7 S. The smoothing procedure was repeated 50-fold.

Two further given examples are mixtures with different

friction ratios and additionally added time independent

noise. The first represents a mixture of two components

with s1 = 5 S and s2 = 6 S as used in example 1 but with

different frictional ratios 1.2 for the first and 1.5 for the

second species (Figs. 6, 7). The elimination of the time

independent noise was performed by subtraction of the first
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Fig. 1 a Sedimentation coefficient distribution plot (g*, right ordi-
nate, red curves) and the resolved time extrapolated presentation (left
ordinate, black curves) of simulated concentration profiles for two

species: with equal concentrations. s1 = 5 S, D1 = 6.54 10-7 cm2 s-1

and s2 = 6 S, D2 = 5.97 10-7 cm2 s-1. Time extrapolation according

to Eq. 11; b Sedimentation coefficient distribution plot (g*, right
ordinate, red curves) and the resolved time extrapolated presentation

(left ordinate, black curves) of simulated concentration profiles for two

species: with equal concentrations, s1 = 5 S, D1 = 6.54 10-7 cm2 s-1

and s2 = 6 S, D2 = 5.97 10-7 cm2 s-1. Time extrapolation according

to Eq. 12

1 2 3 4 5 6 7 8 9 10

Sedimentation coefficient

0.0

0.2

0.4

0.6

0.8

1.0

1.2

g* (
s)

x1
E

-1
3

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

Fig. 2 Sedimentation coefficient distribution plot (g*, right ordinate,
red curves) and the resolved time extrapolated presentation (left
ordinate, black curves) of simulated concentration profiles for two

species: with equal concentrations. s1 = 5 S, D1 = 6.54 10-7 cm2 s-1

and s2 = 6 S, D2 = 5.97 10-7 cm2 s-1, Time extrapolated by

Eq. 12
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curve recorded at 2 min. The normal chosen time differ-

ence was 4 min. The smoothing procedure was repeated

10-fold.

The next example presented first by Brookes and

Demeler (2008) is a mixture of four species with friction

ratios 1.2, 1.6, 2.0, and 2.4 and molecular weights of 25,

75, 150, and 300 kDa (Figs. 8, 9). Here the TI-noise was

eliminated by subtraction of a curve calculated at low-

rotation speed (3,000 rpm). The base line is modified and

must be estimated by the fitting procedure. The smoothing

procedure was repeated 10-fold. The example in Fig. 8

shows the excellent resolution power (convergence) of our

program LAMM. The time resolution method offers four

poor s-values to start the fit procedure. s1 = 1.88 S,

s2 = 3.54 S, s3 = 4.82 S, and s4 = 6.64 S. The results are

(true values in brackets): s1 = 2.55 (2.54) S, s2 = 3.94

(3.96) S, s3 = 5.02 (5.03), and s4 = 6.66 (6.65) S.

Moreover the time extrapolation approach can separate

mixtures of equal molecular weights but with different

friction ratios and of course something different sedimen-

tation coefficients. This possibility is demonstrated in the

last example (Figs. 10, 11), a mixture of two species with

the same molecular weight of 75 kDa but with frictional

ratios of 1.2 and 1.35. The smoothing procedure was

repeated 40-fold.

Discussion

Centrifugation is a powerful and generally applicable

method for separating macromolecules based on their dif-

ferent mass or shape. The success to get correct results

depends on (1) the quality of row data, (2) the start values,

and (3) the chosen fitting procedure used in the software.

Here, in order to optimize the start values, we have
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Fig. 3 Concentration profiles used in Fig. 2 for two species: with

equal concentrations. s1 = 2 S, D1 = 10.3 10-7 cm2 s-1 and s2 = 3 S,

D2 = 8.44 10-7 cm2 s-1. Random noise 1%
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Fig. 4 Sedimentation coefficient distribution plot for two species:

with equal concentrations. s1 = 20 S, D1 = 3.27 10-7 cm2 s-1 and

s2 = 21.5 S, D2 = 3.15 10-7 cm2 s-1. Random noise 1%
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Fig. 5 Sedimentation coefficient distribution plot for three species

with equal concentrations. s1 = 4 S, D1 = 7.31 10-7 cm2 s-1;

s2 = 5.5 S, D2 = 6.23 10-7 cm2 s-1 and s3 = 7 S, D3 = 5.53

10-7 cm2 s-1. Random noise 1%
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Fig. 6 Sedimentation coefficient distribution plot for two species

with equal concentrations but different friction ratios s1 = 5 S, D1 =

6.54 10-7 cm2 s1, f/f0 = 1.2, s2 = 6 S, D2 = 4.27 10-7 cm2 s-1,

f/f0 = 1.5
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improved successfully Stafford’s (1992) time extrapolation

function g*(s). In combination with the program LAMM

(Behlke and Ristau 2002) that works advantageous with

derivations instead the SIMPLEX METHOD, we are able to

analyze two or more components with relatively narrow

molecular weights on a personal computer. To make it

more difficult with regard to the depressing diffusion

effects in most cases we have considered the behavior of

spherical macromolecules with a frictional ratio of 1.2.

However, the empirically derived exponents for the time

extrapolation in Eq. 12 are reliable for different mixtures

and variable frictional ratios. In order to simulate the

experimental conditions better most data sets were supplied

with 1% noise.

The successful analysis of mixtures with different non-

interacting components requires some important experi-

mental conditions. The number of scans should be high

enough since a small number of noisy curves did not result

in reliable or expected data. Therefore, the running time

interval must be small. For low-sedimentation coefficients

s \ 6 about 4 min are reasonable, while for higher s-values

3 min are suitable. Extremely important for resolution is a

long path of the moving boundary and a column height of

1.2 cm might be necessary. High-rotor speed makes the

bell-shaped distribution curves narrower and supports

better resolution. The best resolution being obtained with

profiles near the bottom were elicited by a relatively long

running time. Resolution is diminished when there are

many profiles near the meniscus, which do not deplete.

Thus, optimal conditions can be obtained as follows: One

should start with the last concentration profile near the

bottom (high file number) and then with the first one near

the meniscus (low file number). LAMM calculates the

extrapolated distribution curve and displays the result.

Next, the number of profiles included in the extrapolation

can be reduced by increasing the file number for the first

one until resolution appears. In our program LAMM this can

be done by pressing the button ‘‘\’’or vice versa ‘‘[’’.

Important for the resolution is the choice of the correct

smoothing sequence. Too intensive smoothing (to high

repeat number) can prevent resolution while too low

smoothing can deform the spectrum and even simulate
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Fig. 7 The original

concentration profiles used in

Fig. 6. Only every second trace

is shown. Random noise is 1%
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additional bands. Frequently the sedimentation coefficients

obtained are not very accurate but sufficient as start values

for our program LAMM (Behlke and Ristau 2002).

The surprising analysis of two species with equal

molecular weights but different frictional ratios is shown in

Fig. 10. For such mixtures we can expect only one band in

experiments with SDS gel electrophoresis but clearly two

substances with the correct molecular weight in sedimen-

tation velocity experiments. The concentration ratios for

this case are 0.7 and 0.3. This may be the limit concen-

tration ratio for clear recognition.

The fit quality obtained with LAMM also helps to insure

that the correct number of components will be identified. It

is crucial to keep uniform deviations as small as possible.

Although the time extrapolation of sedimentation distri-

bution profiles is a useful approach to detect independent

components, especially in combination with the fit to the

original data with a suitable program like LAMM it does

not provide absolute evidence. The resolving power is

limited by the concentration ratio of the components. When

the concentration ratio c1/c2 is lower than 0.1 resolution

disappears.

More resolution as the normal differential sedimentation

coefficient distribution function g(s) promises the size

distribution analysis c(s) developed by Schuck (2000),

Schuck et al. (2002) in which corrections for diffusion are

made. But the c(s) method cannot separate such strongly

overlapping systems as presented in this article. The mix-

ture with three different species yields only two peaks

missing one component (the recommended confidence

level 0.95 was used). The example borrows from Brookes

and Demeler (2008) with four species (see Figs. 8, 9)

shows satisfying resolution. As can be seen sedimentation

coefficients are sufficiently different indicating some peaks

in the normal differential sedimentation distribution plot.

The c(s) method of Schuck (2000) is well suitable for

simultaneously fitting of many species with sufficient dif-

ferent sedimentation coefficients and similar friction ratios.

The two-dimensional spectrum analysis performed in par-

allel computational techniques developed by Brookes and

Demeler (2008) seems the best method to separate neigh-

boring sedimentation profiles but this approach is not

suitable for normal desk computer. The restriction to one
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common friction ratio as in c(s) is abolished. The method

of Van Holde and Weischet (1978) improved by Demeler

and Van Holde (2004) can be used for estimating the limits

of the sedimentation coefficients usefully for the two-

dimensional program. In case of sufficiently different

sedimentation coefficients estimation of discrete values is

possible. Comparing with all the discussed programs the

here presented approach is a suitable, robust, and fast

working alternative variant useful for personal computer.
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